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Optical harmonic generation in monolayer group-VI transition metal dichalcogenides
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Monolayer transition metal dichalcogenides (TMDs) exhibit high nonlinear optical (NLO) susceptibilities.
Experiments on MoS2 have indeed revealed very large second-order (χ (2)) and third-order (χ (3)) optical
susceptibilities. However, third-harmonic generation results of other layered TMDs have not been reported.
Furthermore, the reported χ (2) and χ (3) of MoS2 vary by several orders of magnitude, and a reliable quantitative
comparison of optical nonlinearities across different TMDs has remained elusive. Here, we investigate second-
and third-harmonic generation, and three-photon photoluminescence in TMDs. Specifically, we present an
experimental study of χ (2) and χ (3) of four common TMD materials (MoS2, MoSe2, WS2, and WSe2) by placing
different TMD flakes in close proximity to each other on a common substrate, allowing their NLO properties
to be accurately obtained from a single measurement. χ (2) and χ (3) of the four monolayer TMDs have been
compared, indicating that they exhibit distinct NLO responses. We further present theoretical simulations of these
susceptibilities in qualitative agreement with the measurements. Our comparative studies of the NLO responses
of different two-dimensional layered materials allow us to select the best candidates for atomic-scale nonlinear
photonic applications, such as frequency conversion and all-optical signal processing.
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I. INTRODUCTION

Recent years have witnessed a growing interest in two-
dimensional (2D) layered materials for various electronic
and photonic applications [1]. These 2D materials include
graphene [2] and transition metal dichalcogenides (TMDs),
especially molybdenum disulfide (MoS2) [3–5]. TMDs pos-
sess fascinating layer-dependent optical and electrical prop-
erties, such as their layer-dependent band gap. For exam-
ple, bulk (group-VI) TMDs are typically indirect band-gap
semiconductors, while in single atomic layers their band
gap becomes direct in the ∼1.55–1.9 eV range [3,4,6]. This
renders monolayer TMDs (ML-TMDs) as attractive materials
for various optoelectronic applications, such as light-emitting
devices, detectors, and modulators [5,7]. ML-TMDs consist
of two hexagonal lattices of chalcogen atoms separated by
a plane of metal atoms occupying trigonal prismatic sites
between the chalcogens [5]. Owing to their crystal structure,
TMDs with an odd number of layers are noncentrosymmetric,
while TMDs in bulk or with any even number of layers
are centrosymmetric [8]. The lack of inversion symmetry in
ML-TMDs leads to substantial second-order nonlinear optical
susceptibility χ (2).

Nonlinear optical (NLO) processes in 2D materials are of
great interest for various technological applications [9–14],
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such as frequency conversion, all-optical signal processing,
ultrafast pulse generation, and parametric sources of quantum
photon states. Furthermore, integration of 2D materials with
photonic integrated circuits offers exciting prospects for new
applications. In particular, it has already been shown that
the NLO responses of 2D materials can be enhanced with
waveguides [9,15] and photonic crystal structures [9,10,16].
The NLO properties of 2D materials are promising for the
development of on-chip devices, such as nonlinear light
sources for quantum photonics and metrology or nonlinear
phase modulation devices [9,17]. In addition, the fundamental
properties (e.g., crystal orientation) of different 2D materi-
als can be probed via nonlinear optical processes such as
second-harmonic generation (SHG), which is important for
nanomaterial characterization [9,18–20]. Thus far, research on
TMDs has been focused on their electronic and linear-optical
properties, with only few studies reporting on NLO proper-
ties. Several groups have already reported the observation of
SHG in mono- and trilayer MoS2 [8,21–23], as well as in
MoSe2 [24], WS2 [25], and WSe2 [26]. Additionally, third-
order optical nonlinearity, quantified through the third-order
susceptibility χ (3), has been recently observed in few-layer
[27] and monolayer [28–30] MoS2.

The rapid advance of the field has led to the observation of
high-harmonic generation (HHG) in ML MoS2 under intense
laser excitation [31]. However, there are several aspects of
the NLO response of TMDs that remain unexplored. For
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example, nonlinear optics with other TMDs [e.g., third-
harmonic generation (THG) in WSe2, MoSe2, and WS2]
has not been fully studied [9]. Furthermore, there is a large
deviation in reported experimental values of χ (2) for 2D
materials (including TMDs), which could be partially at-
tributed to differences between measurement conditions (e.g.,
excitation conditions, sample doping, and strain effects) in
those studies and also to the different substrates used in the
measurements (e.g., different thicknesses and compositions).
In fact, especially in the case of 2D materials, the substrate
has a significant impact on harmonic generation [32–34],
which makes the comparison of χ (2) and χ (3) values from
different measurements problematic. For example in MoS2,
the reported values of |χ (2)| at 800 nm excitation vary from
10−7 to 10−10 m V−1 (i.e., by three orders of magnitude)
[8,21,22]. Furthermore, different experimental methods, such
as two-wave mixing [35], multiphoton microscopy [18,28,29],
and spatial self-phase modulation [17,36], have been used to
quantify the nonlinear susceptibilities of different materials,
thus making the comparison even more involved. In con-
clusion, despite the importance of accurately assessing the
NLO susceptibilities of TMDs and shedding light on their
dependence on environmental conditions (e.g., as a tool to
modulate the response at will), experimental studies so far
available are fragmented and do not allow us to establish a
systematic comparison between different materials.

Here, we present an experimental study of the second- and
third-order NLO properties of group-VI TMDs that is immune
to differences in sample and excitation conditions. Monolay-
ers of the four TMD materials MoS2, MoSe2, WS2, and WSe2
are mechanically exfoliated and transferred onto a substrate,
in close proximity to each other using a state-of-the-art dry-
transfer technique. The effective NLO susceptibilities are then
simultaneously determined for all four materials from a single
set of SHG and THG images. As a result, the effective bulklike
second- and third-order nonlinear susceptibilities of all four
materials are directly comparable. The excitation light source
in our experiments is a mode-locked erbium-doped fiber laser
with 1560 nm center wavelength. Thus, the resulting SHG
and THG signals lie in the visible-to-near-infrared range.
Additionally, this provides information about χ (2) and χ (3) at
1560 nm, which is important for telecommunication applica-
tions. Moreover, the NLO responses of all four TMDs under
consideration are examined with linear and elliptical polar-
ization in this work. Finally, we theoretically calculate their
second- and third-order nonlinear susceptibilities through a
perturbative expansion of the two-band k · p Hamiltonian for
such media, including the effect of the exciton resonance.
These theoretical results are in qualitative agreement with
measurements.

II. EXPERIMENTAL STUDY

In our experiments, micromechanically exfoliated samples
of MoS2, MoSe2, WS2, and WSe2 were transferred onto a
Si/SiO2 (285 nm) substrate, close to each other. The sample
fabrication process is similar to that reported in Refs. [37,38]
(fabrication details in the Supplemental Material [39]). The
transferred flakes were then identified and characterized
through optical contrast, Raman spectroscopy, and photolu-
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FIG. 1. (a) Optical image of four different TMDs positioned
close to each other. Zoomed optical images of areas marked in (a)
with colored rectangles for (b) MoS2, (c) WSe2, (d) MoSe2, and (e)
WS2. White dashed contours in (b)–(e) indicate the monolayer areas.

minescence (PL) measurements. The Raman peak separation
can be used to extract the layer thickness [40,41]. Details of
these measurements are provided in the Supplemental Mate-
rial [39]. Figure 1 shows an optical image of the fabricated
sample. The ML flake of WS2 is shown as an inset because it is
placed slightly farther away from the other materials, outside
the image field of view. Additionally, graphene monolayers
were exfoliated on a similar substrate for comparison. Strain
and doping can have a significant effect on the (nonlinear)
optical properties of 2D materials. The possible presence of
strain is excluded based on the measured Raman spectra. For
example, in Ref. [42], it was shown that the E2g peak in
MoS2 shifts by 4.5 cm−1 per percent strain and splits into two
separate subpeaks already at 0.5% strain, which we do not see
in any of our measurements (see Figs. 2 and 3 in the SM).
Furthermore, the 2D materials are obtained from undoped
bulk crystals and, since we are using a dry-transfer technique,
the samples are not chemically doped. This is different from
other transfer methods, in which the chemicals used during
the transfer process might introduce the doping effect. The
doping level can also be modified due to the substrate. For
example, SiO2 can have a high degree of charge impurities
at the surface which can lead to an altered doping level of
the sample [43]. The effect of doping on the nonlinear optical
response of 2D materials is still largely unexplored. However,
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FIG. 2. SHG (top) and THG (bottom) images from the areas
marked with colored dashed rectangles in the optical image of
Fig. 1(a). Blue, MoS2; purple, WSe2; orange, MoSe2; yellow, WS2.
The scale bar for MoS2, WSe2, and MoSe2 is 10 µm, and that for
WS2 is 5 µm.
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FIG. 3. Measured average powers of (a) THG and (b) SHG from
monolayers of all four materials with 20 mW pump power (∼2.7
kW peak power). Comparison between one-photon and multiphoton
excited spectrum of (c) WS2 and (d) MoSe2. Note that the intensities
of one-photon and multiphoton spectra in (c) and (d) are not to scale.

in Ref. [33] SHG from MoS2 on SiO2 and polymer substrates
was measured. With a fundamental wavelength at 1600 nm
they measured a χ (2) of 6.3 pm/V on the SiO2 substrate and
7 pm/V on the polymer substrate, suggesting that the doping
from the substrate may not be substantial. As noted earlier,
to best of our knowledge there are no studies on the effect
of chemical- or substrate-induced doping on nonlinear optical
properties of 2D materials at different wavelengths, so it is not
possible to accurately assess the different contributions on the
nonlinear optical responses of the four TMDs studied here.
However, this is a highly interesting topic for future research.

The SHG and THG for the four materials under examina-
tion (Fig. 2) were collected using a mode-locked fiber laser
with 1560 nm center wavelength. Each different area (located
within a distance <150 µm from each other) possesses exfo-
liated TMD flakes, whose thicknesses range from one to a few
atomic monolayers (see the SM for thickness determination).
The small distance between the locations of the exfoliated
MoS2, MoSe2, WS2, and WSe2 allows us to easily compare
the optical nonlinearities of the different materials. As a result,
this excludes the effect of substrate and varying measure-
ment conditions on the measured susceptibilities because the
recorded SHG and THG powers can be obtained from the
same SHG or THG image for all materials. The locations
of the nonlinear microscopy images are indicated by dashed
rectangles in the optical image in Fig. 1. We observed a SHG
signal and a strong THG signal from all four TMDs, within a
single image, of which Fig. 2 selects zoomed regions.

The reported values of SHG and THG signals are all
obtained from the locations in which each TMD flake is a
single layer thick. Prior to comparison, however, in order to
prove that the measured signals at 780 and 520 nm in fact
originate from SHG and THG, respectively, power-dependent
nonlinear microscopy measurements were performed for all

four materials (see SM, Fig. 10). These measurements clearly
indicate P 2 (SHG) and P 3 (THG) dependencies, with the
incident light power P . Note that this is the first time that
THG can be observed in WSe2, MoSe2, and WS2. The
average powers of SHG and THG from monolayers of all
four materials are shown in Figs. 3(a) and 3(b). Normally
at a reasonable pump power, THG intensity is expected to
be lower than SHG intensity, due to the weaker intrinsic
response of the higher-order nonlinear processes [44]. It is
surprising that THG is clearly stronger than SHG in all four
TMDs at such a low average pump power (e.g., Figs. 3(c)
and 3(d)). The same effect was recently observed in MoS2,
and explained with the contribution of trigonal warping to
the second-order response [28]. With low incident photon
energies (0.8 eV here and in Ref. [28]), SHG is weaker than
expected for MoS2 due to near-isotropic bands contributing to
the SHG signal. Only trigonal warping breaks the approximate
rotational invariance of the monolayer MoS2 band structure,
causing the SHG emission [28]. More insight into the possible
effects of trigonal warping or other causes (e.g., excitons)
leading to the large observed ratio between THG and SHG
could be obtained by measuring the SHG and THG from all
four materials with a large range of excitation wavelengths.
Note that the SHG intensity from MoSe2 is lower than the
intensity of THG, even though the SHG is on resonance
with the A exciton [17,21,24,45,46]. Furthermore, we observe
clearly distinct THG and SHG signals for different TMDs. For
instance, THG is largest from MoS2 and smallest from WSe2.
In contrast, SHG from MoSe2 is ∼4–40 times larger than that
from the other materials. This can be attributed to resonant
enhancement in MoSe2 because the energy of the A exciton in
this material (∼1.57 eV, 790 nm [47]) matches well with the
wavelength (780 nm, 1.59 eV). In fact, the spectral overlap
of excitonic PL and SHG is well visualized in Fig. 3(d),
which shows the PL spectrum measured with 532 nm excita-
tion, and the multiphoton (MP) excited spectrum [containing
SHG, THG, and two-photon excited luminescence (2PL)] for
MoSe2.

We note that the MP excited spectrum of WS2 also shows
a peak at ∼615 nm (2.01 eV), corresponding to the location
of the PL peak [Fig. 3(c)]. Thus, we attribute this peak to
three-photon excited luminescence (3PL) from monolayer
WS2. Since 3PL ensues from a fifth-order NLO process [48],
the probability of 3PL occurrence is very low. Interestingly,
the intensity of 3PL is in the same range as the intensity of
SHG. 2PL spectroscopy has been used to study the excitons
in TMD monolayers because with 2PL it is possible to probe
dark exciton states, which are forbidden by selection rules for
one-photon excitation [49,50]. Graphene and MoS2 quantum
dots have been used as 2PL probes in cellular and deep-tissue
imaging [51,52]. However, 3PL can provide better spatial
resolution [53] and enable alternative excitation wavelengths;
thus WS2 might find new applications in biomedical imag-
ing. Furthermore, 3PL spectroscopy might provide an alter-
native method for probing excitonic features in monolayer
TMDs.

We estimate the effective second- and third-order nonlinear
susceptibilities |χ (2)

eff | and |χ (3)
eff | of all TMDs from the mea-

sured average SHG and THG powers. The sheet susceptibility
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TABLE I. Theoretical and experimental |χ (2)| and |χ (3)| values
of different TMD materials.

|χ (2)| (10−12 m/V) |χ (3)| (10−19 m2/V2)

Material Theor. Expt. Theor. Expt.

MoS2 420 5.4 17 3.6
MoSe2 810 37.0 29 2.2
WS2 424 16.2 24 2.4
WSe2 311 16.5 25 1.0

values, χ (n)
s , are estimated with the methods described in

Ref. [29], by fitting the measured average powers to the
following two equations:

PSHG =
16

√
2S

∣∣χ (2)
s

∣∣2
ω2

c3ε0f πr2τ (1 + n2)6
P 2

1 , (1)

PTHG =
64

√
3S2

∣∣χ (3)
s

∣∣2
ω2

c4ε2
0 (f πr2τ )2(1 + n2)8

P 3
1 , (2)

where S = 0.94 is the shape factor for Gaussian pulses, τ is
the temporal pulse width, P1 is the incident average power of
the pump beam, f is the repetition rate, n2 is the refractive
index of the substrate at the pump wavelength, and ω is
the angular frequency of the pump. The effective bulklike
second-order susceptibility of TMDs is obtained from the
sheet susceptibilities as

∣∣χ (n)
eff

∣∣ =
∣∣χ (n)

s

∣∣

t
,

where t is the thickness of the TMD monolayer, ∼0.65 nm.
The |χ (2)

eff | and |χ (3)
eff | values measured from

different TMDs in this work are presented in
Table I and Fig. 4. Furthermore, |χ (2)

eff | and |χ (3)
eff | values

for various monolayer TMDs from other measurements
reported in the literature are presented in Table 1 in the SM.

Note that |χ (2)
eff | values obtained in this work lie in the

range between 5.4 × 10−12 and 37.0 × 10−12 m V−1 for all
ML-TMDs. These values are in good agreement with those
reported in the literature for TMDs when they have been
measured with excitation wavelength in the IR region. For
instance, the literature values of |χ (2)

eff | for MoS2 [28,29,54,55]
range between 2.2 × 10−12 and 29 × 10−12 m V−1 and thus
match reasonably well with the value of 5.4 × 10−12 m V−1

obtained in this work for 1560 nm excitation.

0

10

20

30

40

50

T
he

or
et

ic
al

 |
(3

) | [
10

-1
9  m

2  V
-2

]

0

200

400

600

800

1000

T
he

or
et

ic
al

 |
(2

) | [
10

-1
2  m

 V
-1

]

Experimental

Theoretical

MoS2 MoSe2 WS2 WSe2

0

10

20

30

40

50

E
xp

er
im

en
ta

l |
(2

) | [
10

-1
2  m

 V
-1

] (a)

MoS2 MoSe2 WS2 WSe2

0

1

2

3

4

5

E
xp

er
im

en
ta

l |
(3

) | [
10

-1
9  m

2  V
-2

] (b)

FIG. 4. Comparison of experimental and theoretical (a) |χ (2)|
and (b) |χ (3)| of four TMDs at 1560 nm excitation.

FIG. 5. Polar plots of normalized SHG and THG signals as a
function of the quarter-wave plate (QWP) angle. The angle is defined
between the polarization of the incident laser and the fast axis of the
QWP.

We note that the |χ (2)
eff | for MoS2 is two orders of mag-

nitude smaller than what has been measured with 800 nm
excitation [8,21]. On the other hand, |χ (3)

eff | values for all
characterized TMDs are in the range between 1.0 × 10−19

and 3.6 × 10−19 m2 V−2. We also find excellent agreement
with previous literature values for |χ (3)

eff | when measured at a
similar wavelength. For instance, the magnitude of the |χ (3)

eff |
values for MoS2 is of the order of 1 × 10−19 m2 V−2 (see
Refs. [27–29]) and therefore in the same range as the value of
3.6 × 10−19 m2 V−2 reported in this work. The effect of the
substrate should also be taken into account when comparing
the values. In Ref. [29] the bulklike |χ (2)| and |χ (3)| of MoS2
were measured on glass and on Si/SiO2 substrates. It was
found that the |χ (2)| did not exhibit significant change but the
|χ (3)| was enhanced by a factor of 5 due to the interferometric
effect caused by the multilayer structure. However, this does
not affect the comparison between the four materials, as the
effect hold for all of them, in this experiment.

The intensities of SHG and THG depend strongly on
the polarization state of the pump and the crystallographic
orientation of the sample [8,28,29,31]. In order to explore
this effect, we have measured SHG and THG from all four
materials using elliptically polarized excitation light with
varying degree of ellipticity. Figure 5 show the measured SHG
and THG intensities as a function of incident light polarization
state. As shown in this figure, the THG signal is strongest
for linearly polarized excitation light and smallest for circular
polarization. In contrast, the SHG signal is strongest for
circularly polarized excitation light and smallest for linearly
polarized excitation light. Because all four materials belong
to the point group D1

3h, similar results are obtained for the
other crystals, MoSe2, WS2, and WSe2. This paves the way
for tailoring the nonlinear optical properties of 2D materials
arranged in heterostructures.

III. THEORETICAL ANALYSIS AND COMPARISON
TO EXPERIMENTAL VALUES

In order to obtain further insight into the origin of the NLO
behavior under study, we theoretically calculate the second-
and third-order nonlinear susceptibilities of all four materials
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through a perturbative expansion of the two-band k · p Hamil-
tonian for such media [56] under the minimum coupling
prescription π = p + eA(t ), where e is the electron charge,
A(t ) is the potential vector of the impinging light beam, and
p and π are the electron momentum and quasimomentum,
respectively.

The two-band k · p Hamiltonian is obtained by fitting the
valence and conduction bands of the tight-binding Hamil-
tonian reported in the literature [56] that account for both
nondegenerate valleys and spin-orbit coupling. The effect of
the exciton resonance on the nonlinear parameters of MoSe2 is
taken into account by introducing an effective exciton energy
level in the single-particle Hamiltonian after fitting the linear
conductivity with fully numerical Bethe-Salpeter calculations
[57]. Results are presented in Table I and compared with
experiment in Fig. 4, while technical details of the calculations
are provided in the SM [39]. These theoretical calculations
predict a generally higher value of the nonlinear coefficients,
roughly one order of magnitude larger than the corresponding
measured quantities. Such calculations confirm that MoSe2
is the ML-TMD with highest |χ (2)| nonlinear coefficient,
although the relative difference with respect to other TMDs
is not as marked as in experiments. A mismatch of relative
values across different materials also appears in the χ (3)

calculations, which predict that MoSe2 has the highest |χ (3)|,
in contrast to experiment, in which MoS2 exhibits the highest
third-order nonlinearity. We envisage that this may be due to
the effect of the substrate on electron many-body dynamics,
which deserves further attention. In addition, the substrate is
expected to induce subtle modifications on the band structure.
While the linear response of the 2D layers under consideration
remains unaffected because it mainly depends on the energy
band gap, the NLO response originates in the anharmonicity
of the bands and thus it is much more sensitive to small
modifications in the band structure arising from the inter-
action of ML-TMDs with the substrate. Comparison with
our experimental results provides an indication of the trends
when examining different materials and also on the orders of
the magnitude of the effects. Nevertheless, future theoretical
efforts beyond the scope of this work are required to obtain
a good quantitative agreement. We envisage that, in order to
improve predictions, future theoretical efforts should include
more electronic bands, account for the interaction of the
considered two-dimensional media with the substrate (which
modifies the electronic band structure), and ultimately rely
on first-principle simulations to fully describe the nonlinear

exciton dynamics beyond the effective exciton band model
used in our calculations (see the SM [39]).

IV. CONCLUSIONS

In summary, in this work we demonstrate third-harmonic
generation in WSe2, MoSe2, and WS2 and three-photon pho-
toluminescence in TMDs. We also report the direct com-
parison of second- and third-order optical nonlinearities in
MoS2, MoSe2, WS2, and WSe2. The χ (2) of MoSe2 is found
to be approximately two to six times larger than that of
the other TMDs examined here. We attribute this effect to
resonant enhancement of SHG in MoSe2. The third-order
nonlinear susceptibility χ (3) of all four materials is found to be
comparable to that of graphene, with the largest value |χ (3)

eff | =
3.6 × 10−19 m2 V−2 observed for MoS2. We obtain further
insight into the NLO properties by theoretically calculating
the second- and third-order nonlinear susceptibilities of all
four materials, in qualitative agreement with measurements.

Furthermore, the effect of the degree of elliptical polariza-
tion of the incident light on the SHG and THG signals was
examined and we found that the SHG signal was enhanced
and the THG one was completely suppressed with circular
polarization. Experimental results fit very well with expected
values based on previously reported expressions derived from
the crystal symmetry for MoS2. The results presented here
provide valuable information about the nonlinear properties
of the different TMDs for the design of devices based on
2D materials and their heterostructures in a wide range of
applications, such as on-chip light sources and all-optical
signal processing.
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1
Department of Electronics and Nanoengineering,

Aalto University, P.O.Box 13500, FI-00076 Aalto, Finland
2
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METHODS

Sample Fabrication. The sample fabrication process used in this work is similar to that reported in Refs. 1 and
2. In brief, MoS2, MoSe2, WS2 and WSe2 flakes (from 2d Semiconductors Inc.) were micromechanically exfoliated
directly onto a viscoelastic polydimethylsiloxane (PDMS) stamp. Then, an optical microscope was used to identify
thin flakes on the PDMS stamp. The selected flakes were pressed against the substrate (285 nm thick SiO2 layer on
silicon substrate) with a micromanipulator. Due to the viscoelastic properties of PDMS, the exfoliated flakes adhere
to the target substrate when the PDMS stamp is gently lifted o↵.
Nonlinear Microscopy. During measurements, the laser beam was scanned with a 2D galvo-mirror and focused on
the sample with a 20⇥ microscope objective. The measurement setup was similar to the one used in Ref. 3. The
SHG and THG signals were collected with the same objective lens and separated with a 562 nm dichroic mirror.
Narrow-band bandpass filters were placed in front of two photo-multiplier tubes (PMTs), so that only SHG and THG
were detected. The center wavelength of the excitation light was ⇠ 1560 nm, the repetition rate was 50 MHz, and the
pulse duration was 150 fs. The maximum average power on the sample was 36 mW, which corresponds to a maximum
peak power of 4.8 kW. The spot size on the sample, measured with the nonlinear razorblade method, was ⇠ 1.85 µm.
For elliptical polarization measurements, a quarter-wave plate was placed before the galvo mirror.
Raman Scattering and PL Measurements. Raman and PL spectra were measured using a confocal Raman
microscope (Witec alpha 300 R) equipped with a frequency-doubled Nd:YAG green laser (� = 532 nm). Raman and
PL mapping measurements were performed with the same tool by scanning the laser over the sample and recording
the Raman and PL spectra as a function of location.

TABLE OF �(2) AND �(3) VALUES REPORTED IN LITERATURE

TABLE I. Bulk-like |�(2)
e↵ | and |�(3)

e↵ | values of di↵erent TMD materials measured in this work and comparison to the values
reported in literature.

Material �(2)
e↵

⇥
m
V

⇤
�(3)
e↵

h
m2

V2

i
�! Ref.

Graphene – 1.03⇥ 10�19 1560 nm This work
MoS2 5.4⇥10�12 3.6⇥10�19 1560 nm This work
MoSe2 37.0⇥10�12 2.2⇥10�19 1560 nm This work
WS2 16.2⇥10�12 2.4⇥10�19 1560 nm This work
WSe2 16.5⇥10�12 1.0⇥10�19 1560 nm This work
MoS2 5⇥ 10�12 1560 nm 4
MoS2 29⇥ 10�12

⇠ 10�19 1560 nm 5
MoS2 ⇠ 2⇥ 10�12 1.2⇥ 10�19 1560 nm 6
MoS2 2.2⇥ 10�12 5.2⇥ 10�19 1560 nm 3
MoS2 5⇥ 10�12 1560 nm 7
WSe2 15⇥ 10�12 1550 nm 8
MoSe2 25⇥ 10�12 1560 nm 4
MoS2

⇤
⇠ 10�19 1700 nm 9

MoSe2 (10� 15)⇥ 10�12 1560 nm 10
MoS2 4.3⇥ 10�10 1600 nm 11
WS2 9⇥ 10�9 832 nm 12
WSe2 10⇥ 10�9 816 nm 13
MoS2 321⇥ 10�12 810 nm 14
MoS2 123⇥ 10�12 885 nm 15
MoS2 ⇠ 10�7 810 nm 16
WS2

† 2.61⇥ 10�17 17
MoSe2

‡ 1.53⇥ 10�17 18
⇤Obtained from ⇠ 5 nm thick flakes
†Data obtained using two-wave mixing method
‡Data obtained using self-phase modulation method
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FIG. 1. SHG (a) and THG (b) images displaying all four materials in one image.

RAMAN AND PHOTOLUMINESCENCE MEASUREMENTS

MoS2

Layer thickness identification to MoS2 flake discussed in the main document was performed with µ-Raman and
µ-photoluminescence (µPL) measurements. Fig. 2 presents an optical image of the flake in addition to the Raman
spectra measured from few di↵erent locations of the flake. The optical contrast from MoS2 flake di↵ers between
di↵erent locations, which suggests variations within the flake thickness. Note that the transfer process of this flake
(which usually operates with a yield of ⇠ 90% after the suitable flake has been found) was not perfectly successful,
creating well resolvable ruptures in the flake.

Three areas (marked with letters A, B and C) were characterized more thoroughly. Raman spectrum measured
from these locations is shown in Fig. 2(b). Two Raman modes are observed in all spectra close to the wavenumbers
of ⇠385 cm�1 and ⇠409 cm�1. These Raman peaks originate from the in-plane E1

2g and out-of-plane A1g vibration
modes, respectively[19]. It has been reported that the separation between the Raman peaks decreases with decreasing
layer thickness thereby providing a good measure for the flake thickness. The Raman peak separation in bulk MoS2
is ⇠26 cm�1. In general, a peak separation of ⇠19 cm�1 is considered a value typically measured from single layer
MoS2 flakes[20]. On the other hand, the Raman mode separation of 23.3cm�1 has been observed for three layer thick
MoS2 flake[20]. The Raman mode separation is calculated as 19.3 cm�1, 19.7 cm�1, and 23.7 cm�1 from the fitted
Lorenzian line profiles (see the inset) in locations A, B and C, respectively. Therefore, this implies that the flake
thickness in locations A and B is single layer and that the flake thickness increases to 3-5 layers in location C, as
also expected based on the optical image.

Other MoS2 flakes were characterized to obtain statistical credibility to the values reported in this work. Fig. 3
presents the optical, SHG and THG images of another MoS2 flake in addition to the µ-Raman and µ-PL spectra
measured from few di↵erent locations of the flake. This time the Raman peak separation at the locations D, E and F
(marked in Fig. 3(a)) is 18.7 cm�1, 18.8 cm�1 and 21.5 cm�1 suggesting that areas D-E are monolayers and area F
is bilayer. In addition to the Raman measurements, also µ-PL spectra were measured from these locations to further
verify the flake thickness. In fact, the observation of strong PL from the exfoliated MoS2 flakes provides more evidence
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b)

1L

3-5L

FIG. 2. Optical image (a) and Raman spectra (b) of the MoS2 flake discussed in the main text. The inset shows fitted E1
2g

and A1g Raman peaks.

for the flake thickness. Fig. 3(e) shows the measured µ-PL spectra. As expected, well resolvable PL is observed from
all locations. The PL spectrum possesses two transitions at the wavelengths of ⇠630 nm and ⇠680 nm with their
energy di↵erence equaling the spin-orbit coupling energy. The decrease in the PL signal intensity from location D to
location F (i.e., intensity decreases with increasing flake thickness) is in agreement with the Raman results providing
extra proof for the correctness of the layer thicknesses reported earlier in this work. Thus, we conclude that the SHG
and THG results reported in the main document have been obtained from single layer thick MoS2 flakes (i.e., from
locations A and B). In addition, we note that the magnitudes of the SHG and THG power levels measured from the
other single layer thick MoS2 flake (i.e., from locations D and E) are in agreement with the results presented in main
document.

FIG. 3. Optical (a), SHG (b) and THG (c) images of the second MoS2 flake. Raman (d) and PL (e) spectra from the areas
marked with D-F in (a).
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MoSe2

Fig. 4 presents an optical image (discussed in the main document) of the MoSe2 in addition to the Raman spectra
measured from three di↵erent locations of the flake. Raman spectrum measured from the three areas of the flake
(marked with letters G, H and I) is shown in Fig. 4(b). Three Raman modes are observed in Raman spectra close
to the wavenumbers of ⇠242 cm�1, ⇠285 cm�1 and ⇠360 cm�1. These Raman peaks originate from the out-of-plane
A1g, in-plane E1

2g and B1
2g vibration modes, respectively [19]. The location, shape and magnitude of these Raman

modes can be used to extract the information related to MoSe2 layer thickness. For example, for single layer and
bilayer thick MoSe2 flake the out-of-plane A1g has been observed to locate at the wavenumbers of ⇠240 cm�1 and
⇠241 cm�1, respectively, and shift to larger wavenumbers with increasing flake thickness. Thus, the location of the
A1g Raman mode for location G (240.4 cm�1), for location H (241.2 cm�1) and for location I (241.3 cm�1) implies
that MoSe2 flake is thicker at locations H and I compared to location G. Furthermore, Tonndorf et al. observed that
the A1g Raman mode possesses sidepeaks due to Davydov splitting when the flake thickness is larger than two layers.
No such sidepeaks are observed in our case which would then suggest that the MoSe2 flake is thinner than three layers
at all these locations (i.e., single layer for location G and bilayer for location H and I). The following reasoning would
also imply that SHG signal should not be observed at locations H and I because it would then possess even number
of layers which is in contrast to what we see for location H in SHG image (see Fig. 2 in the main text). On the other
hand, we observe no SHG signal at location I suggesting that MoSe2 possesses odd number of layers at that location.
Therefore, the more probable explanation is that we observe no such sidepeaks in our measurements and that the
flake is the thinnest at location G (i.e., single layer), location H possesses odd number of layers (i.e., three layers) and
location I is the thickest of these locations (i.e. at least four layers thick). More information from the flake thickness
can be obtained by studying the B1

2g vibration mode because the strength of this Raman mode is expected to decrease
with increasing layer thickness. Furthermore, B1

2g vibration mode was not resolved from single layer MoSe2 and was
the strongest in bilayer MoSe2[19]. In our case B1

2g Raman mode is not observed at location G but is clearly visible at
the location H and location I. Therefore, the intensity level of B1

2g vibration mode at di↵erent locations agrees with
the previous discussion and we conclude that the MoSe2 flake at location G is single layer thick.

b) A E 2g
1

1g

B2g
1

a)

G

HI

1L
3L4L

FIG. 4. (a) Optical image of the MoSe2 flake. (b) Raman spectra measured from the areas marked with G-I in (a).

To further verify that no sidepeaks are observed in A1g Raman peak and to gather more statistical credibility other
MoSe2 flakes were characterized as well. Fig. 5 presents the optical, SHG and THG images of another MoSe2 flake
in addition to the µ-Raman and µ-PL spectra measured from four di↵erent locations of the flake. Similarly as before
three Raman modes are observed, see Fig. 5(d). The behavior of these Raman peaks is similar to that discussed
earlier. However, this time no SHG signal is observed from location K and M. Thus, following the same reasoning as
above MoSe2 flake is single-layer, bilayer, three layers and four layers thick in locations J, K, L and M, respectively.
To further confirm the observations, µ-PL was measured from the same areas (see Fig.5(e)). As shown, the intensity
of the PL signal is the strongest at location J, and reduces with increasing layer thickness. This is expected behavior
for atomically thin TMD layers when their thickness increases. In addition, the peak maximum at 787 nm and at 807
nm for single layer and bilayer MoSe2 is in agreement with the literature[19]. As a result, we conclude that the SHG
and THG results reported in the main document (obtained from location G) have been measured from single layer
thick MoSe2 flakes. Once again, the magnitudes of the SHG and THG power levels measured from other single layer
thick MoSe2 flakes (e.g., from location J) are in agreement with the results presented in main document.
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FIG. 5. Optical (a), SHG (b) and THG (c) images of the second MoSe2 flake. Raman (d) and PL (e) spectra from the areas
marked with J-M in (a).

WS2

Fig. 6 presents an optical image of the WS2 flake (location N) in addition to the measured Raman spectrum. This
WS2 flake locates in Fig. 1(a) close to the other transferred TMD materials. No SHG signal is observed from this flake
(see Fig. 1(a)), which implies that the layer number is even (i.e. flake is at least bilayer thick). The Raman spectrum
of the same flake is shown in Fig. 6(b). Two Raman modes are observed from the spectrum at wavenumbers of ⇠355
cm�1 and ⇠420 cm�1. We attribute the Raman mode at ⇠355 cm�1 to E1

2g phonon overlapped by second-order
LA(M) phonon (as seen from the fitting results) similarly as that reported earlier with resonant Raman scattering
studies performed with 514 nm laser excitation [21]. The Raman mode at ⇠420 cm�1 is due to A1g vibration mode
also agreeing with the literature. The Raman peak separation can be used to extract the layer thickness from the
Raman data (i.e. peak separation increases with increasing flake thickness)[21]. In our case, Raman peak separation
of 59.8 �1 cm�1 can be obtained which is smaller than that reported in ref. 21 for bilayer WS2 flakes (⇠63 �1 cm�1)
by using a 514 nm excitation in Raman measurements. Thus, all results suggest that the WS2 crystal at location N
is bilayer thick.

b) LA(M)

A1g

a)

N

2L
E 2g
1

FIG. 6. Optical image (a) and Raman spectra (b) of the bilayer WS2 flake.

As mentioned in the main document, the SHG and THG power levels used in this work were always taken from the
measurements of a single layer thick flakes. Therefore, we also transferred another WS2 flake close to the measurement
area. Note that this flake was transferred a bit further away from the region presented in Fig. 1(a) in the main text
(and also in Fig. 1.) and is therefore shown in the inset. Fig. 7 shows an optical image of that WS2 flake in addition
to the measured Raman spectrum. As observed, this WS2 flake possesses one extremely thin area (labeled as area O)
and one thicker area (labeled as area P). This time SHG signal is observed from location O implying that the layer
number in that location is odd. In addition to this, SHG signal is also observed from the area (marked with letter Q)
near this flake. On the other hand, no SHG signal is observed from the area P.

Raman and PL spectra was measured to obtain the layer thickness for the thin region. This time Raman spectrum
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shows only contribution from the E1
2g vibration mode overlapped by the LA(M) phonon at 356.1 cm�1 for location

O. Therefore, the Raman peak separation couldn’t be accurately estimated from Raman data for location O. We note
that the Raman spectrum from area P shows the typical Raman modes of WS2. Therefore, it seems that the intensity
of A1g Raman mode for thin WS2 flakes can be below the noise level of our Raman system. However, the layer
thickness at location O can be obtained from the PL spectrum (shown in Fig. 7(e)). Strong PL is observed at the
wavelength of 614 nm which agrees well with the exciton A transition for single layer WS2. We note that PL intensity
reduces and also redshifts approaching to a value of ⇠640nm for thicker WS2 flakes. Therefore, we conclude that the
area O is single layer thick WS2. Also we note that the SHG and THG results reported in the main document have
been obtained from the location O.

FIG. 7. Optical (a), SHG (b) and THG (c) images of the second WS2 flake. Raman (d) and PL (e) spectra from the areas
marked with O-Q in (a).
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WSe2

Fig. 8 presents an optical image of the WSe2 flake (labeled as location R) in addition to the measured Raman
spectrum. As presented, SHG signal is observed from this flake (see Fig. 2 in the main text) which implies that the
flake is comprised of odd number of WSe2 layers. To verify experimentally the flake thickness, Raman spectrum of
the flake was measured (shown in Fig. 8(b)). Raman spectrum of WSe2 flake shows Raman peak at wavenumber of
260 cm�1. Typically, Raman spectrum of exfoliated WSe2 possesses fingerprint from two Raman modes, one near
the wavenumber of ⇠260 cm�1 (as seen in our spectrum) and another near the wavenumber of ⇠309 cm�1 (not seen
in our spectrum). Previously, these peaks have been addressed to the in-plane E1

2g vibration mode (possibly with a
fingerprint from the out-of-plane A1g vibration mode) and B2g vibration modes, respectively[19]. It has been observed
that the Raman peak at ⇠260 cm�1 is strong (as we also observe in our case) for single to few layer thick WSe2. On
the other hand, the Raman peak near the wavenumber of ⇠309 cm�1 should only be visible for WSe2 flakes thicker
than bilayer WSe2. Therefore, as we see no traces from that Raman mode in our spectrum we conclude that WSe2
at the location R is single layer thick.

b) E 2g
1

B2g

a)

R

1L

FIG. 8. Optical image (a) and Raman spectra (b) of the WSe2 flake discussed in the main text.

We also show optical, SHG and THG images of another WSe2 flake in addition to the measured Raman and PL
spectrum from four di↵erent locations (labeled with letters S, T, U and V); see Fig. 9. As shown, SHG signal is
observed from locations S, T and U implying that flake is comprised of odd number of layers whereas for location V no
SHG signal is observed suggesting even number layer thickness. The Raman spectrum measured from each location
are presented in Fig. 9(d). The Raman spectrum of location S is similar than that of location R thereby suggesting
that the WSe2 flake thickness at the location S is identical to location R (i.e., single layer). For location T, V and
U, B2g vibration mode is observed implying that the WSe2 flake thickness is either 3 or 5 layers (at location T) and
larger than ¿10 layers at the two latter areas. Furthermore, Fig. 9(e) plots the µ-PL spectrum of locations S, T and
U. Strong PL with peak wavelength at 747.5 nm is observed at location S in agreement with literature reports of PL
studies performed to single layer thick WSe2 flakes. The PL redshifts and weakens at locations T and U also agreeing
with the literature reports of few-layer thick WSe2 flakes. Thus, we conclude that SHG and THG values reported
in main document (obtained from location R) are taken from single layer thick WSe2 material. Also we note that
SHG and THG power levels measured from location S are in agreement with the values measured from location R
providing more statistical credibility to the reported values.
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FIG. 9. Optical (a), SHG (b) and THG (c) images of the second WSe2 flake. Raman (d) and PL (e) spectra from the areas
marked with S-V in (a).
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POWER SERIES MEASUREMENTS
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FIG. 10. Power series measurements of all four TMDs.

THEORETICAL CALCULATION OF NONLINEAR COEFFICIENTS

Here we calculate the nonlinear susceptibilities of MoS2, MoSe2, WS2, and WSe2 starting from a tight-binding
(TB) description of the electronic band structure of these materials[22] and studying the dynamics by means of Bloch
equations for the valence and conduction bands, with an additional excitonic band included in the case of MoSe2.
The relevant valence and conduction band regions (closer to the band gap) is around the K band edges, where one
can approximate the system as a two-band k · p Hamiltonian H0(k, ⌧, s) = H1(k, ⌧, s) + H2(k, ⌧) + H3(k, ⌧). The
terms in this Hamiltonian are

H1(k, ⌧, s) =

"
�
2 t0a(⌧kx � iky)

t0a(⌧kx + iky) ⌧s⇤�
�
2

#
, (1)

H2(k, ⌧, s) =


�1a2k2 �3a2(⌧kx + iky)2

�3a2(⌧kx � iky)2 �2a2k2

�
, (2)

H3(k, ⌧, s) =


�4a3⌧kx(k2x � 3k2y) �6a3k2(⌧kx � iky)
�6a3k2(⌧kx + iky) �5a3⌧kx(k2x � 3k2y)

�
, (3)

where ⌧, s = ±1 label non-degenerate valleys and spins and k = (kx ky) is the electron wave vector. The param-
eters of H0(k, ⌧, s), obtained by fitting the TB valence and conduction energy bands with the ones obtained from
first-principles GW simulations[22], are listed in Table S1. It should be noted that such a Hamiltonian accounts for
both non-degenerate valleys and spin-orbit coupling.
We calculate the optical constants through a perturbative expansion of H0((t), ⌧, s), using the minimum coupling
prescription for the electron quasi-momentum: ~(t) = ~k + eA(t), where e is the electron charge and A(t) is the

TABLE S2. Fitted constants of the the two-band k · p Hamiltonian H0(k, ⌧, s).

Constants MoS2 MoSe2 WS2 WSe2
a (Å) 3.190 3.326 3.191 3.325
� (eV) 1.658 1.429 1.806 1.541
t0 (eV) 0.933 0.768 1.196 1.016
⇤ (eV) 0.073 0.091 0.211 0.228
�1 (eV) 0.351 0.291 0.443 0.404
�2 (eV) �0.198 �0.191 �0.211 �0.216
�3 (eV) �0.143 �0.099 �0.199 �0.150
�4 (eV) 0.058 0.038 0.171 0.117
�5 (eV) 0.038 0.055 �0.030 0.003
�6 (eV) �0.368 �0.356 �0.450 �0.453
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potential vector of the impinging light. With this prescription, we define unperturbed and interacting Hamiltoni-
ans H0(k, ⌧, s) and HI(k, ⌧, s, t), respectively, and write the total Hamiltonian as HT(k, ⌧, s, t) = H0[(t), ⌧, s] =
H0(k, ⌧, s) +HI(k, ⌧, s, t), where

HI(k, ⌧, s, t) =
e

~ [DxAx(t) +DyAy(t)] +
e2

~2 [DxxA
2
x(t) +DxyAx(t)Ay(t) +DyyA

2
y(t)] +

+
e3

~3 [DxxxA
3
x(t) +DxxyA

2
x(t)Ay(t) +DxyyAx(t)A

2
y(t) +DyyyA

3
y(t)], (4)

and the interaction operators in the expression above are explicitly given by

Dx = t0a⌧ [| Vih C|+ | Cih V|] ,

Dy = it0a [| Vih C|� | Cih V|] ,

Dxx = �1a
2
| Cih C|+ �2a

2
| Vih V|+ �3a

2 [| Vih C|+ | Cih V|] ,

Dyy = �1a
2
| Cih C|+ �2a

2
| Vih V|� �3a

2 [| Vih C|+ | Cih V|] ,

Dxy = 2i�3a
2⌧ [| Cih V|� | Vih C|] ,

Dxxx = �4a
3⌧ | Cih C|+ �5a

3⌧ | Vih V|+ �6a
3⌧ [| Vih C|+ | Cih V|] ,

Dxxy = i�6a
3 [| Vih C|� | Cih V|] ,

Dxyy = �3�4a
3⌧ | Cih C|� 3�5a

3⌧ | Vih V|+ �6a
3⌧ [| Vih C|+ | Cih V|] ,

Dyyy = i�6a
3 [| Vih C|� | Cih V|] .

Here, we have used the Dirac notation for the conduction | Ci and valence | Vi band eigenstates, and we have
approximated the matrix elements by their values at the band edges (k = 0). Inserting the Ansatz | i = c�| Vi +
c+| Ci in the time-dependent Schrödinger equation i~@t| i = HT| i, and defining the inversion population nk =
|c+|2 � |c�|2 and the interband coherence ⇢k = c+c⇤�, one gets

⇢̇k = �
i

~ (EC � EV)⇢k � �⇢k +
ie

~2nk

n
DCV

x Ax(t) +DCV
y Ay(t) +

e

~ [D
CV
xx A2

x(t) +DCV
xy Ax(t)Ay(t)+

+DCV
yy A2

y(t)] +
e2

~2 [D
CV
xxxA

3
x(t) +DCV

xxyA
2
x(t)Ay(t) +DCV

xyyAx(t)A
2
y(t) +DCV

yyyA
3
y(t)]

�
+

+
ie2

~3
�
(DVV

xx �DCC
xx )A2

x(t) + (DVV
yy �DCC

yy )A2
y(t)+ (5)

+
e

~ [(D
VV
xxx �DCC

xxx)A
3
x(t) + (DVV

xyy �DCC
xyy)Ax(t)A

2
y(t)]

o
⇢k,

ṅk = �
4e

~2 Im
n
⇢k

h
DVC

x Ax(t) +DVC
y Ay(t) +

e

~ [D
VC
xx A2

x(t) +DVC
xy Ax(t)Ay(t) +DVC

yy A2
y(t)]+

+
e2

~2 [D
VC
xxxA

3
x(t) +DVC

xxyA
2
x(t)Ay(t) +DVC

xyyAx(t)A
2
y(t) +DVC

yyyA
3
y(t)]

��
, (6)

where EC(k) and EV(k) are the conduction and valence energy bands of the unperturbed Hamiltonian H0, DCV
j =

h C|Dj | Vi are the interaction matrix elements, and we have introduced a phenomenological relaxation rate � = 10
ps�1 accounting for dephasing.
In order to obtain the nonlinear susceptibilities, we consider a monochromatic optical field E(t) = Re

�
E0e�i!t

 
with

angular frequency ! for which A(t) = Re
�
(E0/i!)e�i!t

 
. We then solve perturbatively the equations above in the

weak excitation limit nk ⇡ �1 by taking the Ansatz ⇢k =
P+3

j=�3 ⇢
(j/|j|)
j eji!t and obtaining analytical expressions for

the coe�cients ⇢(j/|j|)j . We find the macroscopic surface current density to be given by

J(t) = �
e

4⇡2~
X

⌧,s=�1,1

Z +1

�1
dkx

Z +1

�1
dky [h (t)|rkHT(t)| (t)i � h V|rkHT(t)| Vi] , (7)

while the polarization, obtained as P(t) = (1/d)
R t
�1 dt0J(t0), where d is the material thickness, can be expressed as

P(t) = ✏0Re
h
�̂(1|!)E0e

�i!t + �̂(3|!)E⇤
0E0E0e

�i!t + �̂(2|2!)E0E0e
�2i!t + �̂(3|3!)E0E0E0e

�3i!t
i
.
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FIG. 11. Comparison of the real part of the linear conductivity Re�(1|!)
yy obtained through the Bethe-Salpeter approach (red

full curve) and the three-band e↵ective model (blue dashed curve). While we find excellent matching in the low-energy limit,
the three-band model is insu�cient to capture high-energy resonances observed in Bethe-Salpeter calculations.

Here, �̂(l|m!) (l,m = 1, 2, 3) are the linear and nonlinear susceptibility tensors and ✏0 is the vacuum permittivity.
Because in the notation used centrosymmetry is broken along the y-direction, the relevant components of the suscep-
tibility tensors for comparison with measurements are the ones corresponding to an optical field polarized along the
y-direction, for which

�(1|!)
yy =

e2

4⇡2✏0~2!2d

X

⌧,s=±1

Z +1

�1
dkx

Z +1

�1
dky

(
|DCV

y |
2

[(EC � EV)� ~(! + i�)]
+ (8)

+
|DCV

y |
2

[(EC � EV) + ~(! + i�)]

)
,

�(2|2!)
yyy = �

ie3

16⇡2✏0~3!3d

X

⌧,s=±1

Z +1

�1
dkx

Z +1

�1
dky

(
2DCV

y DVC
yy

[(EC � EV)� ~(! + i�)]
+ (9)

+
2DVC

y DCV
yy

[(EC � EV) + ~(! + i�)]
+

DVC
y DCV

yy

[(EC � EV)� ~(2! + i�)]
+

DCV
y DVC

yy

[(EC � EV) + ~(2! + i�)]

)
,

�(3|3!)
yyyy = �

e4

48⇡2✏0~4!4d

X

⌧,s=±1

Z +1

�1
dkx

Z +1

�1
dky

(
DVC

y DCV
yyy

[(EC � EV)� ~(3! + i�)]
+ (10)

+
DCV

y DVC
yyy

[(EC � EV) + ~(3! + i�)]
+

2|DVC
yy |

2

[(EC � EV)� ~(2! + i�)]
+

2|DVC
yy |

2

[(EC � EV) + ~(2! + i�)]
+

+
3DCV

y DVC
yyy

[(EC � EV)� ~(! + i�)]
+

3DVC
y DCV

yyy

[(EC � EV) + ~(! + i�)]

)
.

Data reported in the main paper for MoS2, WS2, and WSe2 are obtained through the expressions above. Unlike
the other ML TMDs, at a photon energy of ~! = 0.8 eV, MoSe2 undergoes second-harmonic generation matching
the exciton resonance at 1.6 eV, and thus, this material requires a more involved theoretical treatment accounting
for excitons. We describe the exciton resonance as an e↵ective energy level Eex(k) (and its corresponding eigenstate
| exi) lying within the bandgap of the unperturbed single-particle Hamiltonian, which for this material becomes

H0(k, ⌧, s) = Eex(k)| exih ex|+ EV(k, ⌧, s)| Vih V|+ EC(k, ⌧, s)| Cih C|, (11)
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while the interaction Hamiltonian becomes

HI(k, ⌧, s, t) =
e

~ [DxAx(t) +DyAy(t)] +
e2

~2 [DxxA
2
x(t) +DxyAx(t)Ay(t) +DyyA

2
y(t)] +

+
e3

~3 [DxxxA
3
x(t) +DxxyA

2
x(t)Ay(t) +DxyyAx(t)A

2
y(t) +DyyyA

3
y(t)] + (12)

+
e

~Cex [| Vih ex|+ | exih V|+ | Cih ex|+ | exih C|] [Ax(t) +Ay(t)],

where Cex is the transition matrix element coupling the e↵ective exciton band with the valence and conduction bands.
This allows us to obtain the linear conductivity following the same approach described above

�(1|!)
yy =

�ie2

4⇡2~2!
X

⌧,s=±1

Z +1

�1
dkx

Z +1

�1
dky

(
|DCV

y |
2

[(EC � EV)� ~(! + i�)]
+ (13)

+
|DCV

y |
2

[(EC � EV) + ~(! + i�)]
+

C2
ex

[(Eex � EV)� ~(! + i�)]
+

C2
ex

[(Eex � EV) + ~(! + i�)]

)
,

using the transition matrix element Cex as a free parameter. We adjust this parameter in order to obtain best agree-
ment with respect to first-principles simulations of the linear conductivity based upon the Bethe-Salpeter approach[23]
[see Fig. S9 where we compare the linear conductivities obtained through the e↵ective three band model and the
Bethe-Salpeter approach]. Once the transition matrix element is fixed to Cex = 1.019 meV·nm, and the exciton energy
band to Eex = EV + E with E = 1.536 eV, we calculate the nonlinear conductivities following the same approach we
have illustrated above obtaining

�(2|2!)
yyy = �

ie3

16⇡2✏0~3!3d

X

⌧,s=±1

Z +1

�1
dkx

Z +1

�1
dky

(
2DCV

y DVC
yy

[(EC � EV)� ~(! + i�)]
+ (14)

+
2DVC

y DCV
yy

[(EC � EV) + ~(! + i�)]
+

DVC
y DCV

yy

[(EC � EV)� ~(2! + i�)]
+

DCV
y DVC

yy

[(EC � EV) + ~(2! + i�)]
+

+
DVC

y C2
ex(2Eex � EV � EC + 2i~�)

[(EC � Eex) + ~(2! � i�)] [(EC � EV) + ~(! + i�)] [(Eex � EV) + ~(2! + i�)]
+

�
DVC

y C2
ex(2EC � EV � Eex � 2i~�)

[(EC � Eex) + ~(2! � i�)] [(EC � EV)� ~(2! + i�)] [(Eex � EV)� ~(! + i�)]
+

+
DCV

y C2
ex(2Eex � EV � EC � 2i~�)

[(EC � Eex)� ~(2! � i�)] [(EC � EV)� ~(! + i�)] [(Eex � EV)� ~(2! + i�)]
+

�
DCV

y C2
ex(2EC � EV � Eex + 2i~�)

[(EC � Eex)� ~(2! � i�)] [(EC � EV) + ~(2! + i�)] [(Eex � EV) + ~(! + i�)]

)
,

�(3|3!)
yyyy = �

e4

48⇡2✏0~4!4d

X

⌧,s=±1

Z +1

�1
dkx

Z +1

�1
dky

(
DVC

y DCV
yyy

[(EC � EV)� ~(3! + i�)]
+ (15)

+
DCV

y DVC
yyy

[(EC � EV) + ~(3! + i�)]
+

2|DVC
yy |

2

[(EC � EV)� ~(2! + i�)]
+

2|DVC
yy |

2

[(EC � EV) + ~(2! + i�)]
+

+
3DCV

y DVC
yyy

[(EC � EV)� ~(! + i�)]
+

3DVC
y DCV

yyy

[(EC � EV) + ~(! + i�)]
+ C2

exf(k,!) + C4
exg(k,!)

)
,

where

g(k,!) = {[(Eex � EV) + ~!̃3] [(Eex � EV) + ~!̃1] [(EC � EV) + ~!̃2]}
�1 + (16)

+ {[(Eex � EV)� ~!̃3] [(Eex � EV)� ~!̃1] [(EC � EV)� ~!̃2]}
�1 +

� {[(Eex � EV) + ~!̃1] [(EC � Eex) + ~!̃⇤
3 ] [(EC � EV) + ~!̃2]}

�1 +

� {[(Eex � EV)� ~!̃1] [(EC � Eex)� ~!̃⇤
3 ] [(EC � EV)� ~!̃2]}

�1 ,
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and

f(k,!) =
|DVC

y |
2

[(EC � EV)� ~!̃3] [(EC � EV)� ~!̃1] [(Eex � EV)� ~!̃2]
+ (17)

+
|DVC

y |
2

[(EC � EV) + ~!̃3] [(EC � EV) + ~!̃1] [(Eex � EV) + ~!̃2]
+

�
|DVC

y |
2 [(EC � Eex)� 2~!̃1]

[(EC � EV)� ~!̃3] [(EC � Eex)� ~!̃⇤
2 ] [(Eex � EV) + ~!̃1] [(EC � EV)� ~!̃1]

+

+
|DVC

y |
2 [(Eex � EC)� 2~!̃1]

[(EC � EV) + ~!̃3] [(EC � Eex) + ~!̃⇤
2 ] [(Eex � EV)� ~!̃1] [(EC � EV) + ~!̃1]

+

�
DCV

yy

[(Eex � EV)� ~!̃3] [(EC � EV)� ~!̃2]
+

DVC
yy

[(Eex � EV) + ~!̃3] [(EC � EV) + ~!̃2]
+

+
2DCV

yy

[(Eex � EV) + ~!̃1] [(EC � EV) + ~!̃2]
�

2DVC
yy

[(Eex � EV)� ~!̃1] [(EC � EV)� ~!̃2]
+

+
|DVC

y |
2 [(Eex � EC)� 2~!̃1]

[(EC � EV) + ~!̃1] [(EC � Eex) + ~!̃⇤
2 ] [(Eex � EV)� ~!̃3] [(Eex � EV)� ~!̃1]

+

+
|DVC

y |
2 [(Eex � EC) + 2~!̃1]

[(EC � EV)� ~!̃1] [(EC � Eex)� ~!̃⇤
2 ] [(Eex � EV) + ~!̃3] [(Eex � EV) + ~!̃1]

+

�
DVC

yy [(EC � Eex) + ~(3! + 2i�)]

[(EC � Eex) + ~!̃⇤
3 ] [(Eex � EV)� ~!̃1] [(EC � EV) + ~!̃2]

+

+
DCV

yy [(Eex � EC) + ~(3! + 2i�)]

[(EC � Eex)� ~!̃⇤
3 ] [(Eex � EV) + ~!̃1] [(EC � EV)� ~!̃2]

+

+
|DVC

y |
2

[(EC � Eex) + ~!̃⇤
3 ] [(Eex � EV)� ~!̃2] [(EC � EV)� ~!̃1]

+

+
|DVC

y |
2

[(EC � Eex)� ~!̃⇤
3 ] [(Eex � EV) + ~!̃2] [(EC � EV) + ~!̃1]

,

and we have used !̃1 = !+ i�, !̃2 = 2!+ i�, !̃3 = 3!+ i� in the expressions above. Data for the nonlinear coe�cients
of MoSe2 in the main paper are obtained through Eqs. (12-15).

[1] Andres Castellanos-Gomez et al., “Deterministic transfer of two-dimensional materials by all-dry viscoelastic stamping,”
2D Mater. 1, 011002 (2014).

[2] Diao Li et al., “Polarization and thickness dependent absorption properties of black phosphorus: new saturable absorber
for ultrafast pulse generation,” Sci. Rep. 5, 15899 (2015).
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